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Exercise 5C
3 b Taking the moments about the point O,
1 If the hemisphere has twice the density of the LMh-8 x2px1x8=(M+8 x2p)Y,
cone then the ratio of the masses becomes
cone 1, hemisphere 2, composite body 3 so
the moments equation becomes

lx&+2x£—3x
4 8

where 7 is the centre of mass of the
composite body. From this equation we
find Y =8 ~3.39cm (3 s.f.) below O.

—5
12
The centre of mass lies on the axis of

LX =

symmetry at a point 152 cm from O towards

the rim of the hemisphere.

2 The mass of the cylinder is
M, = p,m36x10 and mass of the cone is

M., =P 3736x5. We are also given

cone

that p

mass is at a distance x above the base of the
cylinder. Taking moments about the base of
the cylinder gives

cone (5X5+10)+ M, x5=(M . +M_)x

5(9MW +4M,,)) _5(9x1x5+4x3x10)

=3p,,... Suppose that the centre of

eyl

cone

4(ML'(me +Mcyl) 4(3X5+3X10)
=@z 5.33 cm (3 s.f).
76

3 a Bysymmetry, x = 0. If the side of the
square base is a, then the area of a cross
2 (h=y)’
h2
(using similar triangles), where / is the
height of the pyramid. If we slice the

pyramid into horizontal slices of thickness
5 y, mass of the pyramid is then

M=pf ady=p’s [y a

section as a function of y is A=a

3h
1
Wy—h/+— | == pa’h, and the
ph{ y=hy 3} e

0
centre of mass

My=p| yAdy > jy(h Y dy
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4 a Tetrahedron is a symmetric solid, and its

centre of mass will lie at the intersection
of its space heights. Let the side of the
tetrahedron be a. Let us first find the
height of the base of the tetrahedron.

al2

Using Pythagoras’ theorem, the height of
the base (or any face of the tetrahedron) is

2 2
H=\Ja*-1a> =Lyg.

Because the base is an equilateral triangle
the heights intersect at the centre of the
triangle which divide them inratio 2 : 1.
The height of the tetrahedron / can be
found by considering a vertical slice
through the top vertex and the centre of
the base, shown in a diagram below.

Using the Pythagoras theorem,

h=.la’ —(%@a)z =\/%a.

Next consider the intersection of two such
spatial heights, going from a vertex to the
centre of the opposite face, at point P.

a

@ Pearson

Label the shortest distance from P to a
face 3, and this will be the height of the

centre of mass above the base of the
tetrahedron. Consider the bold grey
triangle in the sketch above. We can find
y using Pythagoras’ theorem again

¥ +(3 HY =(h-y). In terms of &,

H =2—j§h, and solving gives us
y :% h :2_%

Taking the moments about the point O,
My—-M,y=(M,+M,)Y , where M, and
M , are the masses of the tetrahedrons,

and Y is the centre of mass of the
resulting solid. The masses are

a’ a’
M, =3p—= and M, = p——, thus
BN R N

a (MI_M2): a (3p6\/5_p6\/5j
26 (M, +M,) /6 (310 e ) e j
V2 62
4 (1) a .
_2\/8(3+1)_4\/8,fr0m01nthe

heavier tetrahedron. Given that the side

9 36

lengthis 9 cm, y=—2_ -2Y° cm below O.
46 8

Y =

From question 3, a square pyramid has its
centre of mass zl‘h on the line of
symmetry above its base, where 4 is its
height. Using similar triangles we can

find the height of the original pyramid

QZL: h =10. The volume of the
h h-=5

pyramid is V' = %azh , where a is the side

of the square base. Taking the moments

about the centre of the base of the

pyramid, +x10° x 1 —1x 5% x(3+5)
:%X(l(f —53)? = y=2~1.96cm
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The volume of the truncated pyramid
v=1(10"-5") =53,

Taking the moments about the point O,
pv(S—%) —2px5 x3= (v,0+53 ><2p) Y

y=2 .
=Y =% . Hence the centre of mass is

Y ~ 0.481cm (3 s.f) below O, towards
the larger body.

The volume of the cylinder is

V =n(4r)’2r =32 . The volume of the
hemisphere VZ%WS. By symmetry, the
centre of mass will lie in the vertical plane
between O and P. Taking moments about
0, Vr—v%r = (V—v)kr =

_ 3-8y 381
8(v—V) 376
For part b we will also need the centre of

mass of the resulting solid from the axis
OX. Taking the moments about OX

Vx0—vr=(V-v)k,r=

v 1
k, = =—— The negative sign
LT SEREsE
indicates that the centre of mass is away
from the cavity.

b i Taking the moments about O,

p(V =v)kr+ 2pv§r

=(pV - pv+2pv)kr =

3v—4kv+4kV 387
A(v+V) 392

Thus the vertical distance from O will

k =

ii Taking the moments horizontally about
the axis OX,
p(V=v)k,r+2pvr
=(pV - pv+2pv)k,r=
. 2v—kyv+k,V 1
. v+l 49
Thus the horizontal distance from OX

will be 1— 7 in the water.
49
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